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The goal of this paper is to give an elementary geometric proof that boundary links are homotopic 
to trivial links. 
AMS (MOS) Subj. Class.: Primary 57M25, 57N12 
0. We work in the PL category. An n-component link L = (a,, . . . , a,,) is an embedding 
of n disjoint copies of S’ in S’. A boundary link is a link whose components bound 
disjoint, compact, oriented (Seifert) surfaces in S’. A link L= (a,, . . . , a,,) is said 
to be homotopic (usually said fink homotopic) to a link L’= (a:, . . _ , ai) if there 
exists a homotopy from L to L’ which is an isotopy except at finitely many points, 
where one of the components has a transverse self-intersection, as shown in Fig. 1. 
A trivial link is a link whose components bound disjoint flat disks. 
I heard T. Cochran asking R. Edwards (MSRI, Berkeley, 1985) whether one could 
prove that boundary links are homotopic to trivial links by using capped gropes, 
as are used in M. Freedman’s proof of the 5-s-cobordism theorem for special 
fundamental groups. Cochran said that this result is proved by K. Chen or J. Milnor, 
but I could not find it in the literature in this form. Later comments by T. Cochran 
and the referee are that the standard argument for the result of this paper is that 
vanishing of the Milnor /I-invariants implies that a link is homotopically trivial, so, 
one shows that all the Milnor p-invariants vanish for a boundary link. But it is this 
second step that may not be in the literature, although it is not regarded as a difficult 
argument. 
Here we give an elementary geometric proof-algorithm that boundary links are 
homotopically trivial. This proof is independent of the Milnor p-invariants; it 
involves only elementary facts about links and surfaces in S3. 
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Fig. 1. 
Fig. 2 
1. Let L = (al,. . . , a,,) be a boundary link, with a surface S = (F,, . . , F,,). We say 
that a given F, is unknotted if there is a homeomorphism h, : S3 + S’ sending F, to 
F: such that F:, is in a 3-ball neighborhood B:, and the parts of the surfaces h,(e) 
that are in B: are contained in 3-balls C,, D,, as shown in Fig. 3. 
Fig. 3 
Proposition 1.1. Let L = (a,, . . , a,,) be a boundar?J link. Then L is homotopic to a 
boundary link L’ with a surface S’ = (Fi, . . . , Fi, ) such that,.for each i, F: is unknotted. 
Proof. Let S=(F ,,..., F,,) be the surface for L. For each i, the F, is an embedding 
of a standard surface, i.e. a disk with several pairs of l-handles attached. .I’he handles 
of a given F, can be straightened and unlinked by the moves (homotopies) shown 
in Fig. 4(a) and (b). The homotopy in Fig. 4(a) is away from the rest of the surface 
S. The homotopy in Fig. 4(b) is along an arc A connecting two pieces of the surface 
F,. Since the rest of the surface S has a I-dimensional spine (,i.e. is homotopic to 
a l-dimensional complex), it follows, by general position, that the arc A can be 
fig. 4 
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chosen to miss the rest of the surface S. After this homotopy, the new surface Fi 
is in a 3-ball neighborhood Bi as shown in Fig. 3. Again using the fact that the rest 
of the surface S has a l-dimensional spine, we conclude that its intersections with 
Bi is contained in 3-balls C,, D, as shown in Fig. 3. 
To finish the proof of the Proposition, we do the above homotopy for each F,. 0 
Remark 1.2. The balls C,, D, in the blocks of the ball BI in Fig. 3 can be chosen 
small enough, such that the parts of the surfaces inside them are parallel, unlinked 
and unknotted (Fig. 5). 
Fig. 5. 
Remark 1.3. An elementary isotopy of the 3-ball Bi in Fig. 3, changes it to a new 
picture as shown in Fig. 6. 
Fig. 6 
Proposition 1.4. Let L = (a,, . . . , a,) be a boundary link with a surface S = 
(F,, . . , F,) such that each F, is unknotted. For a fixed i, we can choose a surface F: 
such that in its 3-ball neighborhood Bi (Fig. 6) in each of the balls C,, D,, there is 
only one piece of the surface S\ F,. 
Proof. The above mentioned choice is possible because of the changes shown in 
Fig. 7 and Fig. 8. q 
:; : -b&g I \ . ..-.. ---   KdB @ .:::. :: II .I :. I 
Ct or Dt or F, 
Fig. 7. 
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Fig. 8. 
2. We say that a link L = (a,, . . . , a,, b, , . . . , b,) is an (n, m)-link if the following 
conditions are satisfied. 
(1) The link L, = (a,, . . . , a,) is a trivial link, and the circles ai bound disjoint 
flat disks Ei (Fig. 2). 
(2) The link L2 = (b, , . . . , b,) is a boundary link with a surface S = (F, , . . . , F,,,), 
such that each surface F, is unknotted. 
(3) The intersection of an Fi with an E, is a finite number of pairs of arcs, such 
that each pair comes together with an (E,, fi)-disk of some finite order t (1 s t <Co), 
as shown in Fig. 9, where: 
an (Ei,Fi )-disk 
of order t 
Fig. 9. 
(a) An (E,, F,)-disk of order 1, is a flat disk B2 such that: 8B2 consists of two 
arcs, one in int E, and the other from a, (Fig. 9); int B2 n E,, = 0 for each p = 1, . . . , n; 
and int B2 intersects the surfaces F,, . . . , F,,, in arcs as shown in Fig. 10. 
Fig. 10. 
(b) An (E,, fi)-disk of order t + 1, is a flat disk B2 such that: B2 intersects some 
of the disks E, , . . . , E, in arcs that come together with (Ejq, F,)-disks B$ of orders 
sjq, as shown in Fig. 11; sj, s t and for some j,, I, s. = t; and int B’\U,, int Bjq intersects 
the surfaces F,, _ . . , F, as shown in Fig. 11. 
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Fig. 11. 
Remark 2.1. (a) It is possible some of the (E,, Fi)-disks in an (n, m)-link to have 
non-empty intersection. 
(b) A (0, m)-link is only a boundary link, whose Fi’s are unknotted. 
(c) An (n, 0)-link is a trivial link. 
(d) An (n, m)-link is a boundary link, because the disks E,, . . . , E, can be 
changed to surfaces by adding a handle for each (E,, F,)-disk. 
Theorem 2.2. An (n, m)-link L, m 2 1, is homotopic to an (n + 1, m - I)-link L’. 
Proof. We use the above notation. When L is a (0, m)-link, only the last paragraph 
of the proof applies. So, let L be an (n, m)-link, where n > 0. Since the number of 
the (E,, F,)-disks is finite and each of them has a finite order, there are some (E,, 
F,)-disks with a maximal order, say s. Let B2 be an (E,, F,)-disk with a maximal 
order. Consider the parts of the disk B2 that are (E,, F,)-disks of order 1; let B, 
be one of them, and let int B, have non-empty intersection with the surfaces 
F ,I’. . . I Fjq, as shown in Fig. 12. Without loss of generality, we can assume that 
Fig. 12. 
j,=j,=. . .=jr<jr+,<. . * s jq. If some j, # 1, we can isotope the link, as shown in 
Fig. 13. If some j, = 1, we homotope the link as shown in Fig. 14. We do the move 
in the last box of Fig. 14 in order to keep the resulting surface Fi unknotted. The 
isotopy in Fig. 13 and the homotopy in Fig. 14, change the picture in Fig. 12 to a 
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Fig. 13. 
Fig. 14. 
picture in Fig. 15. If the parts of the surfaces F,,, r+l s ks q in Fig. 12 come 
together with some (E,,, c,)-disks of orders tP then in Fig. 15 they are parts of (E,, 
cL)-disks of order tP + 1. If tp = 0, i.e. they are not parts of (E,, Fi,)-disks, then in 
Fig. 15 they are parts of (E,, Fj,)-disks of order 1. If the parts of the surface Fl in 
Fig. 12 are parts of some (E,,, F,)-disks of order tp, then in Fig. 15 they are parts 
of (E,, F:)-disks of order tp. The homotopy of the link in Fig. 14 leaves the surface 
Fi unknotted. 
a p$rt of the new 
(Ei ,F;) - disk B2 
Fig. 15. 
The above changes produce a new (n, m)-link, homotopic to the old one, with 
smaller number of (E,, F;)-disks. 
The above discussion shows that for a fixed j, the link L is homotopic to a new 
(n, m)-link L’= (a,, . . . , a,, b;, . _ . , bk) with disks E,, . . . , E,, and a surface S’= 
(CT..., FL), such that F; n E, = 0, and no new (E,, FI)-disks are introduced. 
Hence, after n applications (for each j = 1, . . . , n) of the above homotopy, the link 
is homotoped to a new (n, m)-link L’= (a,, . . . , a,, bi, . . . , bk) with disks 
El,..., En and a surface S’ = (F:, . . . , FL) such that E, n Fi = 0 for each p = 
1,2 ,‘..) n. 
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Now, the proof of Proposition 1 .l, Remarks 1.2 and 1.3, and Proposition 1.4 
imply that the surface F: is contained in a 3-ball B{ (shown in Fig. 6 for i = 1, 
ai = b;) such that B{ n EP = 0 and in each of the balls C,, D, there is only one piece 
of the surfaces F;, . . . , FL. Now we change the surface Fi to a flat disk E,,, as 
shown in Fig. 16, and add to the data the new (E,,, , F:)-disks of order 1, for each 
surface F: that has a part in B:. If the part of a surface Fj in B: comes together 
with an (E,, Fi)-disk of order t,, then we change it to a new (E,, Fj)-disk of order 
t, + 1, by adding the (E,,, , Fj)-disks of order 1, shown in Fig. 16. Hence, the link 
L’= (a,, . . . , a,, bi, . . . , bk) is an (n + 1, m - l)-link, with (a,, . . . , a,, b:) the trivial 
link, and (b;,..., b’,) the boundary link. 0 
Fig. 16. 
Corollary 2.3. Boundary links are homotopically trivial. 
Proof. If L is an n-component boundary link, then Proposition 1.1 implies that L 
is homotopic to a (0, n)-link; so, n applications of Theorem 2.2 imply that L is 
homotopic to an (n, 0) -link, i.e. to a trivial link. 0 
3. During the course of drawing the figures shown above, the following remarks 
and questions arose. 
3.1. There is a geometric characterization for homotopically trivial links, i.e. a link 
is homotopically trivial if and only if its components bound compact, oriented 
surfaces that have only interior intersections of special kinds. This characterization 
is similar to the definition of (n, m)-links, but is much more complicated. Compare 
with [4]. 
3.2. In [3] it is proven that the Whitehead double of a boundary link is topologically 
slice. Is there a connection between the proof in [3] and the geometry shown here? 
3.3. Are the geometry shown and the geometric characterization mentioned in 3.1 
connected to the following open questions: 
(1) Is the Whitehead double of a homotopically trivial link topologically slice? 
(2) If the Whitehead double of a link is topologically slice, is the link homotopi- 
tally trivial? 
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3.4. Considering [5], is there a connection between the geometry of links shown 
here, and V. Jones link polynomial? 
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